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ABSTRACT imposes a constraint that is related to intrinsic physicapp

_ ) ) erties of the instrument. We demonstrate the improvement of
Image reconstruction problems in radio astronomy and oth&§yr approach over unregularized LS image reconstruction us
fields like biomedical imaging are often ill-posed and somenq actual data from the Low Frequency Array (LOFAR) [7],

form of regularizationis required. This imposes user SfEEi 5 phased array radio telescope in the Netherlands, in Sec. 4.
constraints to the reconstruction process that may proauice

undesirable bias to the solution. We propose a data driven
model based least squares reconstruction method based on 2. PROBLEM STATEMENT
the Karhunen-Loéve transform. We show that this constrain
stems from intrinsic physical properties of the measuréameriRadio astronomical arrays (and many other sensor arrays)
process and demonstrate the improvement of the method ovéeasure the correlations between the output signals aPthe
unregularized least squares reconstruction using acttal d receiving elements in the system. This produces a P
from the Low Frequency Array (LOFAR), a phased array ra-array covariance matrix that can be modeled as [8]
dio telescope in the Netherlands.
_ _ R=AXA" +%,. 1)

Index Terms— image reconstruction, Karhunen-Loeve
transform, inversion, regularization, radio astronomy Here,X = diag (o) contains the power received froth di-
rections of arrival,A describes the array response to the re-
ceived signals including effects such as propagation pineno
ena and receiver gain differences, &gl is the noise covari-

. o . ., ance matrix. We will assume that the latter can be parameter-
Radio astronomical image reconstruction can be con&derqued by a real valued parameter veatorthat is related to the

a parameter estimation problem in which the pixel values arg Jise covariance matrix byec () — Myow. If the image
n/ — n+¥n-

the parameters to be e_st|mated. This leads to a standar_d llg'sampled on a grid, the image vectorepresents the power
version problem for which ah - or a least squares (LS) opti-

mized solution can be found [11. Verv similar reconstruati in each of they pixels in the image. The image reconstruc-
€d solution can e fou [.]' ey similar reconstruetio ., , problem can be formulated as an estimation problem to
problems are found in other fields like biomedical imaging

. : . = Jfind the@ pixel values.
.[2]’ geophysps [3.] and SAR 'maging [4]. If the specified The weighted LS image reconstruction problem can be
image resolution is chosen too high, the problem becomqs
: P . ormulated as
ill-posed [5, 6] and some form of regularization is required
Regularization imposes user specified constraints to the re
construction process that may produce an undesirabledias t
the solution. After introducing the reconstruction prabli
Sec. 2, we therefore propose a data driven model based leaghere| - || denotes the Frobenius noriWy is a weight-
squares image reconstruction method based on the KarhungAg matrix, ¥ = vec (R) is the vectorized version of the

Loeve transform (KLT) in Sec. 3. We show that this only array covariance matrix with the columns stacked in a sin-
This research is being funded by the Dutch government in t8&KB gIe column vector and = A o A, whereo denotes the

program for interdisciplinary research for improvementraf knowledge in-  Khatri-Rao perUCF or COIL_Jmn'Wise_ Kronecker prOdUC_t ar?d
frastructure. = denotes conjugation. Using covariance matched weighting

1. INTRODUCTION

(6,6,} = argmin [W (F — Mo — M,a,)|2, (2)

»Un




(W = ﬁ_1/2®R—1/2, wherew denotes the Kronecker prod- The KLT offers a way to find a data dependent set of base
uct), the weighted LS estimate is asymptotically equivieien Vvectors. It uses an eigenvalue decomposition of the parame-
the maximum likelihood estimate [9]. It is straightforwaed —ter vector covariance matrix;o . Since the celestial source
extend this vectorized formulation to include multiple gna signals are spatially uncorrelated, we would therefore tdk
shots over time and frequency to improve the imaging resussume that the pixel values are uncorrelated, i.e.(ats
[8]. Although we will use this extension in Sec. 4, we will diagonal. In that case, however, the eigenvalue decomposi-
present the image reconstruction based on this single snafen will provide the user specified pixels as base functions
shot model for clarity of presentation. This works if the sky is mostly empty, a key assumption of
A closed form solution can be found by solving fs; as  the commonly used CLEAN method [10] for image recon-
function of o and substituting the solution back into the coststruction in radio astronomy. Unfortunately, some dataset

function. The imaging problem can then be formulated as [8fontain more structure than only point sources as illustrat
) in the next section. These images are hard to handle with

& — argmin H W (f — Mo) H 7 3) the CLEAN technique. The sources found using the CLEAN
o F technigque are commonly convolved with a smooth, typically
Gaussian, function to restore the image resolution pravide

by the instrument thereby avoiding overinterpretationhef t
W =W —- WM, (MfWHWMn)% MIWHW. (4) data. This recognizes the fact that neighboring pixel \&@lue
have a higher covariance than well-separated pixel values d

This modified weighting matrix can be interpreted as a filterto the limited resolution provided by the instrument.
to remove the noise source signature from the data. If there This suggests thafs could be described by the true im-

where

are no noise signals, (2) reduces to age convolved with a Gaussian function. This approach has
N ) R 9 several disadvantages. First, the true image is unknown, so
g = atemin W (¥ —Mo)|g- (3)  this would lead to an iterative and computationally expessi

_ . _approach. Second, the user would still need to tune the image
Since the _on_ly difference between thg ge_neral an_d the noig@solution, not by specifying the image grid but by spedcifyi
free case is in the contents of the weighting matrix, we willthe width of the Gaussian deconvolution function. Finatg

use (5) in the remainder of the paper. resolution provided by a phased array measurement may vary
The standard solution to the image reconstruction probyith direction.
lem formulated in (5) is We therefore propose a different approach based on the
~ taxrs  wp—1 observation that the dirty image, and the true image de-
¢ =(WM)'Wr =M, o, 6) scribe the same physical space. This implies that if the true

where! denotes the pseudo-inverse. We also introduced thig@ge can be linearly mapped on a lower dimensional space,
dirty imageoq = MPWHWT and the deconvolution ma- the dirty image should be linearly projectable on the same

trix Mq = MPWH WM. The dirty image can be computed SPace: This is an important observation, since the dirtgana
from the data without an inversion and shows the true imag&an be derived from the data without inversion and therefore

convolved with the spatial response of the array. The isltip the covariance of the dirty image can be calculated from the
cation with the inverse of the deconvolution matrix removegovariance of the data. We thus propose to use the base func-

the instrumental response and should thus result in the trfions Ug obtained as the set of significant eigenvectors, i.e.
image. The condition number of the deconvolution matrix€igenvectors associated with the signal subspace, of e di
strongly depends on the chosen image grid. If the image res§@ge covariance matri€q , i.e., from

lution is chosen too high, the problem becomes ill-posed and Co, = UAUH ~ UerUé’- (7
inversion is not possible without introducing some form of

regularization. For Gaussian signals, the data covariance is known to be

(R®R) /N, whereN is the number of samples over which

the data are integrated. The covariance of the dirty image
3. PROPOSED METHOD vector can then be described as

If the dimensionality obr is chosen too large by the user such Co, = iMHWHW (RoR)WI/WM.  (8)
that the deconvolution matrix cannot be properly inverteid, _ N ) o
implies that the amount of information contained in@pix-  |f we substitute the data model given by (1) and simplify the
els, which are assumed to be mutually independent, is largégsult, we find that

than the amount of information available in the data and that Co, =My, 9)
some form of regularization is required to constrain théopro i.e., that the covariance of the dirty image vector is sintpéy
lem. This will reparameterize the problem to a parameter veadeconvolution matrix. This is an intuitive result since thee

tor @ with length smaller tha). convolution matrix describes how the image values aregélat



to each other via the directional response of the receiving a

o= UeAélUgad, (10)

ray. This demonstrates that base functions obtained frem tf 08
KLT only depend on the observed signal and the directione 10.7
response of the instrument, i.e., they only depend on intrin los
sic physical properties of the measurement setup and not (% '

assumptions made by the user. z 10.5

With these base functions, the solution follows from ET

!

ey

5

o

which is the pseudo-inverse commonly used for noisy case &
The inversion is thus reduced to inverting a diagonal matrix
The condition number oAy depends on the number of base
functions selected.

Note that we do not compui@ explicitly. Using8 = -0.5 0 0.5
Ufo, it is still possible to formulate the maximum a- West - | - East
posteriori (MAP) estimator as [11]

Fig. 1. Hemispheric image obtained from unregularized LS
. . N 9 1200 || image reconstruction. The resolution0s8A/D where\ is
o = argmin [W (T —Mo)|g + H Ag "Ugo H - D the wavelength at the highest frequency.
which can be optimized by trying different dimensionaltie 5
for Ug. The MAP formulation thus provides a clear criterion
to limit the number of base vectors used for image reconstruc
tion, but this is a computationally intensive process. la th  1¢°
demonstration in the next section, we will impose a restric:
tion on the condition number oty instead to ensure proper
inversion given the SNR of the data.

eigenvalue

4. EXPERIMENTAL RESULTS

We demonstrate our proposed method using actual data fro
the low frequency array (LOFAR). LOFAR is a phased array 10
radio telescope, built in the Netherlands, covering the 10 -
250 MHz frequency range [7]. It consists of 48 stations with

two types of antennas. For our demonstration we used tt 0 2000 4doo _edoo 8000 10000
low band antennas, operating between 10 and 90 MHz, of .. eigenvector index

single station. The antennas were arranged in a randomized _ o ) )
configuration with 82 m diameter. Fig. 2. Eigenvalues of the dirty image covariance matrix.

The data were captured on November 6, 2008 between
10:22:21 and 10:26:45 UTC. The data consisted of 25 10-s _ o )
observations in 25 distinct 156 kHz frequency channels bedCtly compensates for beam elongation with increasing bore
tween 45.156 and 67.188 MHz. The channels were selectéd@ht angle.
to provide even coverage of the given frequency range taking The image looks coarse, because the size of the pixels is
into account the locally present radio frequency interfeee close to the resolution of the telescope. Even with this res-
For comparison, the first image was made using LS imolution, the image reconstruction process already praslace
age reconstruction without regularization. The resolutd ~ checkerboard pattern over the image, indicating that we are
a radio telescope with a completely filled untapered aperturpushing the limits of the inversion, i.e., we can hardly agtr
is roughly\/D radians [12], where\ is the observed wave- Mmore independent information from the data.
length andD is the diameter of the aperture. To show the  To get a more natural looking image and to demonstrate
limits of LS image reconstruction, we set the spacing in thehat the proposed method allows to define the grid spacing
image grid t00.8\/D taking A = 4.47 m, the wavelength without worrying about the tractability of the inversioropr
at the highest frequency. The result is shown in Fig. 1. Théem, we made the image grid spacing three times as small in-
image is sampled on a regular grid by projecting the hemiereasing the number of pixels in the image from 989 to 8937.
sphere on the horizon plane of the aperture array, which exrigure 2 shows the eigenvalues of the dirty image covariance



base functions are based on intrinsic physical properfies o
10.15 the measurement process and do not introduce any subjective

regularization criterion that may bias the solution. We-suc

cessfully demonstrated the proposed method on actual radio
0.1 interferometric data from the LOFAR instrument.
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